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ABSTRACT: T h i s  work represents  an i nves t iga t ion  of t he  
normal solvabi 1 i t y  of A b e l  ' s  genera l ized  in tegra l  equat ion 
from t h e  s tandpoint  of i t s  r e l a t ionsh ip  t o  the Cauchy 
kernel equat ion ,  where a l l  funct ions a r e  assumed t o  b e  
r e a l .  The r e l a t i o n s  involved i n  t h i s  s t u d y  a r e  presented 
and t h e  p e r t i n e n t  equat ions a re  der ived .  

I n  this s tudy we w i l l  i n v e s t i g a t e  the normal s o l v a b i l i t y  o f  t h e  
genera l ized  i n t e g r a l  Abel equation 

t .  b 

and o f  i t s  conjugate equat ion 

making use  o f  t h e  r e l a t i o n s h i p  of these  e q u a t i o n s t o  the  Cauchy kerne l  equa- 
, t i o n .  Equation (1) was f i r s t  solved f o r  T = 0 by K. D.  Sakalyuk [5]. The 

r i g i d l i m i t a t i o n s i m p o s e d  i n  r e fe rence  [SI on u, v, and F were re laxed  by L.B.  
Wolfersdorf [6]. F.V. Chumokev [7] a l so  obta ined  seve ra l  r e s u l t s  f o r  t h e  com- 
p l e t e  equat ion (1) , (under the  r i g i d  'wsumptions r e l a t i v e  t o  
T, u, v, and F) .  Henceforth a l l  funct ions w i l l  b e  considered as r e a l  func t ions .  
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Numbers i n  the  margin i n d i c a t e  pagination i n  t h e  fore ign  t e x t .  
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I .  
d e f i n i t i o n s  : 

Let 0 < a < 1 and a < x<< b .  We w i l l  then make t h e  following 

Lemma 1. Operators ( 3 )  - (5) are r e l a t e d  by t h e  i d e n t i t i e s  

The proof 
interchange o f  
then i n t r i n s i c  

of i d e n t i t i e s  (6) - (11) i s  based on t h e  fact  t h a t  a f t e r  t h e  
the  o r d e r  of  i n t e g r a t i o n  i n  t h e  i t e r a t e d  i n t e g r a l s  i n  (6) - ( l l ) ,  
i n t e g r a l s  a r e  obtained which a r e  e a s i l y  expressed through -. 

elementary funct ions1.  

where L (p) i s  a class of funct ions t h a t  are summable i n  [a, b] t o  the p > 1 

I d e n t i t i e s  (6) - (11) a r e  v a l i d 2  i f  4 E L 6)' , .L i  
P 

power re la t ive  t o  t h e  weight p ( t )  and used i n  t h e  theory o f  t h e  Cauchy ke rne l  
equat ion [3] .  

For (8) - (11) we may use formula 3,228 from re fe rence  [8]. For ( 6 )  - (7) 
we o b t a i n  i n t r i n s i c  i n t e g r a l s  by solving t h e  fol lowing equat ions:  
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IT. By us ing  t h e  r e l a t i o n s h i p s  ( 6 )  - ( l l ) ,  equations (1) and (2)  are 
reduced t o  congugate equat ions with t h e  Cauchy ke rne l .  
means by which t h i s  reduct ion i s  accomplished. 

We w i l l  consider  t h r e e  

A. By w r i t i n g  (1) - (2)  i n  t h e  form 

and applying i d e n t i t i e s  (8) and (10) t o  (1 ' )  and (9) t o  ( 2 ' )  we ob ta in  

where 

Operator T must s a t i s f y  t h e  condition 

TI$+) = T ~ ,  

where T1 i s  a completely continuous operator  i n  t h e  given space of  t h e  func- 

t i o n s  o f  @ (explained below). 

B. I f ,  however, we apply (9) and (11) t o  ( 1 l )  and (8) t o  ( 2 ' )  we w i l l  
o b t a i n  

. .- 
11-(1-') i s  t h e  ope ra to r  of f r a c t i o n a l  d i f f e r e n t i a t i o n ,  t h e  inve r se  of I ( 1 - u )  

ax ax 
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where 

and, as i n  (14) ,  w e  should r equ i r e  t h a t  

C. Now, by w r i t i n g  (1) - (2)  i n  the  form 

and applying (6) t o  (1") and ( 2 9 ,  we have 

dlQ -dd,r('TPIFS G? + K,R F ,  
I r(1-W 

9 + Kf* = f s ,  
. 4 sr( l -P) /a  . 

* * ' .  dl9 + 

/ l o 2 1  

where 
-1 Fil dt = (U f u )  12, dt = ?& T A  iJP 9 Q = AI-P(P~ 13 A i--p 

= ctg(pn/2) (I4 - v) /2. 

We r e q u i r e  here t h a t  

TA& Ti. (14") 

I t  can be  shown by using i d e n t i t i e s  (6) - (11) t h a t  t h e  requirements (14),  
( 1 4 9 ,  and (14") are equiva len t .  
(14) ,  (14')  and (14'l) i s  def ined below. 

The simple s u f f i c i e n t  condi t ion f o r  s a t i s f y i n g  
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Lemma 2.  Let 

where 

Then t h e  ke rne l s  o f  ope ra to r s  (14), ( 1 4 9 ,  and (14") are represented as t h e  
sum o f  t h e  degenerate ke rne l  and t h e  kernel with weak s i n g u l a r i t y .  

1 s . -  * vve w i l l  m t e  that methzds P. m d  B d i f f e r  m l y  s l i g h t l y ,  They are p re -  
f e r a b l e  t o  method C ,  s i n c e  t h e i r  so lu t ion  r equ i r e s  only t h a t  we so lve  t h e  
Abel equation ( c l a s s i c ) ,  whereas with the t h i r d  method w e  are r equ i r ed  t o  
so lve  t h e  more complex equat ion,  namely, A 0'  = Q. 

1 - v  
111. Operator M i s  completely continuous and, t h e r e f o r e ,  has no l i m i t e d  

r egu la r i za t ion .  
s ense .  For equat ions (1) and ( 2 ) ,  however, the Noether theorems may be 
encountered i n  s p e c i a l  spaces .  

Consequently [4 ] ,  M i s  not  a Noether ope ra to r  i n  t h e  usual  

The conclusions below are made on the  b a s i s  o f  t h e  reduct ion i n  I1 o f  
equations (1) and (2) t o  equations with t h e  Cauchy ke rne l .  Let X and Y-be 
spaces o f  funct ions i n  which the  Noether theorem is app l i cab le  t o  equations 
(12) and (13) .  (For example, X and Y are  classes of Holder funct ions com- 
bined i n t o  (a ,  b) [ l ,  21 o r  conjugate spaces L (p)  and L (pl-q) [3 ] . )  Let 

P 9 
X f i rs t  be  such t h a t  t h e r e  e x i s t s  p > 1 and weight p ( t ) ( e x a c t l y  as i n  

r e fe rence  [ 3 ] ,  page 1 2 )  f o r  which ~ p ( P ) 2 1 i ~ 1 - " ) ( % ) .  

( X ) .  The following is  then v a l i d . '  - (1-v) 
ax  BX = I We w i l l  then des igna te  

'Theorem 1. Let 

u ( z ) ,  v ( z )  € I l k ,  . h =. 4 - p, Y P ( z )  EX, J(X, E Y. I 

The Noether theorems f o r  equations (1) and (2) w i l l  be s a t i s f i e d  i f  t h e  so lu -  
t i o n s  o f  (1) are found i n  t h e  space B, and t h e  s o l u t i o n s  o f  (2) are found i n  
Y .  
(12) 

The s u b s c r i p t  of  equation (1) i n  h i s  case i s  equal t o  t h a t  o f  equation 

1 Assuming 'that u2(x)  + v 2 (x) # 0. 
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where 

In Lemma 3 we w i l l  g ive t h e  necessary c r i t e r i o n  such t h a t  

I$i'(X)G se, (p). 

If -p < y,(u) << 'I, -1 c Y(b) < 1'9 then a l l  Holder s o l u t i o n s  / l o 2 2  

We may e l imina te  the  requi rement . tha t  u(x)  and v(x) be smooth by assuming 
t h a t  t h e  s o l u t i o n  of (1) i s  i n  t h e  c l a s s  of genera l ized  func t ions .  Now 

X = SP(p),  p > 1 and p( tJ  = ( b  - f ) - p + P ) p , ( t ) ,  where t h e  weight o f  p O ( t )  is 

taken from the  func t ion  G( i ) ,  fol lowing the  example of r e fe rence  [3 ] ,  page 85, 
a n d l e t  B b e  t h e  space o f  genera l ized  f r a c t i o n a l  d e r i v a t i v e s  o f  t h e  1 - p  power 
from the  func t ions  of  L (p) (of  t h e  func t iona ls  Q = @(l -p )  ove r  t h e  class o f  

P 
b a s i c  func t ions  Y ( x )  o f  t h e  form Y(x) = 

By determining t h e  opera tors  (3) - (5) i n  the  space B i n  t h e  r equ i r ed  
manner, it is  easy t o  show t h a t  i d e n t i t i e s  ( 6 )  - (11) a r e  a l s o  v a l i d  f o r  
4 E B and, consequently,  t he  reduct ion  t o  equat ion (12) remains v a l i d .  

Theorem 2 y i e l d s  a b a s i c  r e s u l t .  

Theorem 2 .  Let u ( x ) ,  v(x) be continuous t o  [a,b] f E L ( ~ l - ~ ) ,  
1 q  

F(x) E L (p) and l e t  T be a completely continuous ope ra to r  from B i n  L ( p ) .  

Then, f o r  equat ion (1) and ( 2 ) ,  t h e  Noether theorems a r e  s a t i s f i e d  i n  the  
spaces B and L (pl-q)  r e s p e c t i v e l y .  

P P 
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Theorem 3. Let Rs be t h e  r egu la to r  of equat ion (12).  

R =  I -l+'Rs i s  t h e  r e g u l a t o r  (both l e f t  and r i g h t )  o f  ope ra to r  M, whereupon ax 
r e g u l a r i z a t i o n  from t h e  l e f t  r e s u l t s  i n  an equat ion which i s  r e g u l a r  i n  

B: R A ~ ~  and r egu la r i za t ion  f r o m  t h e  r i g h t  r e s u l t s  i n  an 

equat ion which is r e g u l a r  i n  Z,(p): A I R 0  ='a -k TL@ F ;  T and TL a r e  

completely continuous opera tors  i n  B and L ( p ) ,  r e s p e c t i v e l y .  

Then t h e  ope ra to r  

cp + TBcp = RF, 

B 

P 
In  conclusion I wish t o  express my s i n c e r e  g r a t i t u d e  t o  P ro fes so r  F.D. 

Gakhov, who superv ised  t h i s  work. 
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